IFUP-TH/2009-15 



On Confinement Index 



Kenichi Konishi^ and Yutaka Ookouchi^ 

^" Department of Physics, "E. Fermi", University of Pisa, & INFN, Sezione di Pisa, 

Largo Pontecorvo, 3, Pisa 56127, Italy 
"I" Perimeter Institute for Theoretical Physics, Waterloo, Ontario N2T1E7, Canada 



Abstract 

The smallest integer t for which the Wilson loop fails to exhibit area law is known 
as the confinement index of a given field theory. The confinement index provides us with 
subtle information on the vacuum properties of the system. We study the behavior of the 
Wilson and 't Hooft loops and compute the confinement index in a wide class of A/" = 1 
supersymmetric gauge theories. All possible electric and magnetic screenings are taken into 
account. The results found are consistent with the 9 periodicity, and whenever such a check 
is available, with the factorization property of Seiberg-Witten curves. 



1 Introduction 



Confinement is one of tlie fascinating and long-standing problems of tlie elementary particle 
physics today. A widely accepted mechanism for confinement in QCD is the dual Meissner 
effect caused by condensation of some field with a magnetic charge. A power of supersymmetry 
sometimes gives us a quantitative argument for the dual Meissner effect. The celebrated work 
by Seiberg and Witten [1] beautifully realized an abelian dual Meissner effect in a perturbed 
N = 2 supersymmetric gauge theory. Later, by exploiting a Pouliot-type duality [21 [3], 
Strassler argued that a non-abelian version of the dual Meissner effect occurs frequently [HE]. 
Non- Abelian dual Meissner effect was also shown to occur quite generally [6l [7j in many of 
the supersymmetric vacua of the softly broken J\f = 2 gauge theories coupled to fundamental 
matter hypermultiplets [8]. 

It is believed that those (oblique) confining vacua have mass gap 0. Classification of such 
massive vacua in gauge theories were initially studied by 't Hooft ^0[j. A nice explanation for 
the classification was given by Donagi and Witten [11], which we will follow below. Suppose 
that the gauge group is SU{N) and the matter contents are trivial under the center Z^v 
of the group. External electric charges that one can use to probe the theory are classified 
by the charge of the center because massless gluons screen most of the charges in various 
representations of the SU (N) group. On the other hand, the magnetic charges are labelled by 
the fundamental group: Since the theory includes only adjoint fields, the global structure of the 
electric group is SU{N)/Zn- Thus the fundamental group is nonzero hi{SU{N)/Zn) = Zat 
and the monopoles are labelled by Z^r. The Wilson- 't Hooft loops corresponding to these 
charges are also classified by Zjv x Zjy. One of the striking facts shown by 't Hooft [10] is that 
finding an order subgroup in Z^r x Zat is choosing a corresponding massive vacuum of the 
theory (including Higgs vacua). The charges in the subgroup specifies the condensed charges 
in the vacuum. As for (oblique) confinement phase, there are only types of vacua in which 
charges corresponding to W'^H, k = 0, ■ ■ ■ N — 1 are condensed respectively. It is well known 
that M = 1 SU{N) supersymmetric pure gauge theory has A^ vacua and adjacent vacuum are 
connected by a 27r shift of the theta angle. Since in a monopole background, the shift of theta 
angle generates an electric charge [12], it is plausible to think that the A^-types of massive 
vacua are precisely realized once in each of the A^ vacua of the theory [13]. For example in 
the r-th vacuum, the charges corresponding to W^H, {W^H)"^, . . . , are all condensed. The 

^In the literature the term oblique confinement is used generally when the condensing field has a dyonic 
charge, rather than to a simple magnetic monopole charge, 't Hooft, however, used [3] the word "oblique 
confinement" with a different meaning. In most of the paper we shall follow the custom and use it in the 
former sense, except in Section [5] and Subsection 16.21 where we shall use 't Hooft's original usage. 
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corresponding Wilson- 't Hooft loop exhibits a perimeter law. 

In generalizing the argument to a wide class of supersymmetric gauge theories with dif- 
ferent gauge groups, the story will be somewhat modified. As one can see in Table [H the 
dual coxeter numbers (number of vacua) for classical and exceptional groups are in general 
different from the center of the groups. Thus, some of massive vacua have to show the same 
behaviors with respect to the Wilson- 't Hooft loops. To understand the behaviors in various 
gauge theories we have to study the Witten effect for the Wilson-'t Hooft loops more carefully. 
In Appendix, making use of the weight vectors, we shall study the Witten effect for various 
vacua in pure M = 1 supersymmetric gauge theories. For gauge theories with simply-raced 
groups and USp{2N) group with =odd, both oblique confinement and confinement phase 
occur. On the other hand, Spin{odd) and USp{2N) with A^ =even gauge theories have only 
confinement phase. 
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USp{2N) /Z2 


Z2 


2A^- 1 


Spin{2N) 


N: odd > 2 


SO{2N)/Z2 


Z4 


2A^-2 


Spin{2N) 


A^: even > 2 


SO{2N)/Z2 


Z2 X Z2 


2A^-2 



Table 1: GNOW dual group, C{G) (center of G) and the dual coxeter number of the classical and 
exceptional groups. In all cases, 7ri(G^) = C{G), and vice versa. 

In more general theories containing Higgs fields in various representations of the gauge 
group, we need an extra care for electric screening caused by the Higgsing and by magnetic 
screening induced by the spontaneous nucleation of nonabelian monopoles. More concretely 
let us introduce a mass scale A much larger than the dynamical scale A of the theory. Suppose 
that at the scale A a Higgs field gets a vacuum expectation value (vev) and the original gauge 
group G is spontaneously broken as, 

G ^ Gi X G2 X •■■ X Gfc. (1.1) 
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The breaking pattern depends on the representation of the Higgs field, on the superpotential, 
and on the vacuum chosen. A well-studied case has an Higgs field in the adjoint represen- 
tation of an SU (N) gauge group. Such models were geometrically engineered [HI and 
studied in various aspects such as a gravity dual description [HI [15], a correspondence with a 
matrix model [16] and with generalized Konishi anomaly relations [17] . Under the symmetry 
breaking, the matter fields get masses of order A. Below the scale, all the massive modes are 
integrated out. This classical argument is reliable since we assume A ^ A. Finally we are 
left with a pure A/" = 1 supersymmetric gauge theory with gauge group Yl Gi, each of which is 
supposed to be confining. A vacuum of the full G theory is specified by choosing one vacuum 
for each sub-sector: we shall label it as (ri, r2, ■ • ■ , r^) where runs from 1 to the dual coxeter 
number of Gi. Although in each vacuum of sub-sectors, Gi theories are confining, it does not 
necessarily mean that the full theory is also confining. For instance, as shown in [13], some 
vacua such as the one with the breaking SU{N) SU{Ni) x SU{N2) x f/(l) have uncon- 
fined U{1) charges and are in a Coulomb phase. It would be useful to introduce a parameter 
which specifies if the underlying gauge theory is confining or not. Consider some power of 
the Wilson loop of the fundamental (or spinor) representation of the original group, which 
we denote by {Wf^d}^- If these Wilson loops show area law only for some k, k > 1, then such 
vacuum is in a confinement phase. Confinement index is defined to be the smallest positive 
integer k for which {Wfnd}'' does not show area law [13]. If Gi contains a U{1) factor, then 
t = 1 and the theory is in a Coulomb phase. On the other hand, if a U{1) is not contained as 
a factor in the low-energy gauge group, then t = 1 does not mean the Coulomb law. It may 
be a perimeter law or a free electric law. Therefore in this case, one cannot conclude weather 
or not confinement is occurring in the vacuum by the above arguments only. 

In computing the confinement index we must account for all possible types of screening 
and all conditions for the Wilson- 't Hooft loops. If neither nor show area law, the 
confinement index is at most the greatest common divisor of {p,q). Thus the index must be 
a divisor of the dimension of the center of the full gauge group. For the gauge group with a 
trivial center such as Eg, F4 and G2, the confinement index is necessarily unity and there are 
no external charges to probe a vacuum. 

With these knowledges, we can rephrase the classification of vacua of the full theory: On 
the phase with confinement index t, magnetic or dyonic charges corresponding to an order t 
subgroup in Zjv X Zat are condensed. When the order t is smaller than A^, massless gauge 
fields can exist and the vacuum does not necessarily have mass gap [TT] . The behavior of the 
Wilson-'t Hooft loops for the full theory in the vacuum can be determined by the branching 
rules and the behavior of Wilson-'t Hooft loops for the low-energy gauge groups j^Gj. 
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The notion of the confinement index does not necessarily depend on supersymmetry. Nev- 
ertheless, we shall focus our attention to supersymmetric gauge theories in this paper for the 
following reasons: As we will argue in Appendix, we can use various knowledges to understand 
the behavior of the Wilson- 't Hooft loops in each vacuum of pure M = 1 supersymmetric the- 
ories. For non-supersymmetric case this task would be much harder. Another reason is that 
in supersymmetric vacua the index is protected and is not affected by the change of the pa- 
rameters. Therefore, in principle one can reproduce the same number from a dual description 
in string theories or a better low-energy description such as the Seiberg-Witten theory [1]. 
We can check our results by making use of such known techniques. As has been well argued, 
supersymmetric vacua in A/" = 1 gauge theories can be described by the behavior of fiux on 
a Calabi-Yau manifold. Thus, the index we will compute in this paper may have potential 
applications for labeling the landscape of field theories realized in string theories. 

Section [2] is devoted to a general consideration of electric and magnetic screenings under 
Higgsing of the gauge group. In Section 3, we compute the confinement index in various 
systems with different gauge groups. Section 4 is devoted to the discussion of the condensed 
charges. We recall briefly 't Hooft's oblique conflnement in the standard (non supersymmetric) 
SU{N) Yang Mills theory in Section 5. Section 6 is a brief summary of the lessons from softly 
broken M = 2 supersymmetric theories where many of the phenomena discussed in the text are 
explicitly realized. We conclude (Section [7j) with a brief summary and a further discussion. 
In Appendix we discuss the Witten effect on the Wilson- 't Hooft loops in supersymmetry 
preserving vacua for various Af = 1 pure gauge theories. 

2 General discussion 
2.1 Electric screening 

Consider a supersymmetric gauge theory with gauge group G. The matter flelds are all in the 
adjoint representation. To diagnose the theory, introduce a Wilson loop for a representation 
TZ in G. Gluons in the theory can combine with the external charge in the representation TZ 
and neutralize the charge. This is the so-called electric screening. Electric screening turns 
one representation into another. Since the adjoint representation is trivial under the center, 
the tensor product of a representation TZ with adjoint flelds yields various representation with 
the same A^-ality, 



As flelds in the adjoint representation do not carry charges for the center of the group, however, 
the latter charges are not screened. Therefore the Wilson loop for various representations can 
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be labelled by the charge of the center (we call it the "iV"-ality). It is thus useful to consider 
a Wilson loop which is the r-th tensor product of the one in the fundamental representation, 
rather than considering the Wilson loop for each irreducible representation separately. The 
Wilson loop for such a direct-product representation can be written simply as 

Now consider introducing a Higgs field in a generic irreducible representation of G in 
the theory. If this field carries a nontrivial charge under the center, then available external 
charges get reduced because of extra screening. Suppose that such a Higgs field gets vev 
and symmetry breaking G YlGi takes place at the energy scale A which is much bigger 
than the dynamical scale A of the underlying G theory. The breaking pattern depends on 
the representation of the Higgs field. After integrating out the massive matters, we are left 
with a pure J\f = 1 supersymmetric gauge theory with gauge group Y[ B 1°"^ energies, 
nonabelian parts in Gi gauge theories are supposed to be confining. In each vacuum of 
theory the Wilson loop exhibits an area law. However, even if the sub-sectors are confining, 
the full theory is not necessarily confining. To diagnose that, we use the Wilson loops of the 
full G theory. Suppose that the fundamental representation of the group G is decomposed into 
fnd ^ X] ^ j where Aj are an irreducible representation of H^i- If ^^e r-th tensor product 
of the fundamental representation includes a singlet of the low-energy group H^*' then the 
Wilson loop will not exhibit law: 

(H^fnd)'' = f ^ W^Aj J = W^singiet H ^ no area law, 

^ j ^ 

where IVaj are Wilson loops for sub-theories. If there is a term which does not show area law 
in the right hand side, the full Wilson loop (VFfnd)'^ also does not show area law because a 
term with no-area law dominates over the ones with area law. 

2.2 Magnetic screening 

Under the symmetry breaking G H , with a non-trivial 7T2{G/H), soliton magnetic monopoles 



are generated and become part of the spectrum of the ^ 
belong to various representations of the GNO dual group 



ow-energy theory. These monopoles 
of H (which we denote by iJ^). Al- 



though such monopoles are in general massive, they can screen a sufficiently large 't Hooft loop 



^In most of the following we assume that the gauge symmetry breaking is not accompanied by a global 
symmetry breaking, which would imply the presence of massless Nambu-Goldstone bosons. 

•^Wc shall not discuss here the subtleties around the notion of "non-Abclian monopoles" and the related 
difficulties in defining the continuous GNO duality transformations quantum mechanically. For the purpose 
of the present discussion, their existence, not their detailed properties, matters. 
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[13]. Suppose, for simplicity, that the unbroken group is Gi x G2 and a magnetic monopole 
screens H^Hl^ where Hi and H2 are 't Hooft loops corresponding to the fundamental (or 
spinor) representations of dual group G\ and • In the simple case of SU{N) theory bro- 
ken to SU{Ni) X SU{N2) X f/(l) illustrated in [TH], for instance, the minimum monopoles 
have the quantum numbers of Hi i?2~^! each monopole resides in one of the broken SU{2) 
subgroups embedded in SU{N)/ SU{Ni) x SU{N2). As in the previous section, consider the 
decomposition of a Wilson loop of the full G theory, 

i 

where ~ means up to A^-ality. Spontaneous nucleation of the massive monopoles from the 
vacuum may screen the Wilson loop, 

(W^fnd)'^ ^ J^i^i'HDiW^'H^). (2.1) 

i 

By definition in each vacuum of Gi theories, some of the Wilson-'t Hooft loops show no area 
law. Suppose that Wl^Hi and WPH2 show no area law in a vacuum. In this case if ( 12. ip 
includes a term with a pair {(a^, m) = {kri, k), {pi, n) = {lr2, 1)} where k, I are integers, then 
(Wfnd)'^ will not show area law. This is the magnetic screening caused by magnetic monopoles. 

To understand the effects of magnetic screening we need to know the representation of 
nonabelian monopoles. This nontrivial task has been studied in literatures. In [HI |19] the 
minimal magnetic monopoles arising in spontaneously broken classical and exceptional gauge 
groups with an adjoint Higgs field were constructed. Irreducible representations of the minimal 
monopoles in the dual groups were explicitly shown there, which will be needed in section 
three. Interestingly, all such representations can be understood in terms of the Montonen- 
Olive duality of A/" = 4 theories [20]. Because of the self-duality, the representation of the 
monopoles under the dual group must be the same as that of the massive vector bosons with 
respect to the original electric group. This is not so surprising because the monopole solution 
constructed in [T8l [T9] can be embedded into A/" = 4 theories. 

However, in models with Higgs fields in non-adjoint representations, the Olive-Montonen 
duality does not hold. Non-abelian monopoles for various non-adjoint Higgs models were 
constructed in [22]. As is well known, the problem of finding exact monopoles solutions is 
greatly simplified by use of the Bogomolny equations if the Higgs fields transform under the 
adjoint representation. However in non-adjoint Higgs models, such a construction breaks 
down. Nevertheless, Bais and Laterveer managed to find the monopole solutions for various 
models by suitably choosing the subgroups and by solving the Bogomolny equations for the 
latter. 
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2.3 The confinement index and 6 periodicity 

Accounting for tlie electric and magnetic screenings we can obtain Wilson loops for the full 
theory which do not show an area law, which we denote by i = 1,2, ■ ■ ■ . As argued in 
Introduction, the smallest number t such that does not show an area law is given by the 
greatest common divisor t = GCD{ki, k2, - ■ ■), which is the confinement index introduced in 
|13j . In general, this index depends on the rank of the low-energy gauge group, rank{Gi), 
and the labels of the vacua r^. The rj dependence comes from the magnetic screening by a 
nonabelian monopole generated by the Higgsing. As a nontrivial consistency check of the 
dependence, one can use invariance of the confinement index under the 27r shift of the theta 
angle of the original G gauge theory. When we vary the theta angle, the ones for the low-energy 
Gi theories also get shifted accordingly, which depends on the embedding of the small group 
Gi- It is convenient to use the index of embedding to understand the behavior [221 [231 1^ - 
Suppose a small group H is embedded in G and a representation 71 of the group G has a 
decomposition under the H subgroup TZ — Yli The ^-ji is defined by the generators of 
the representation 71 as li-ji TaT^ = fin^ab- We normalize the generators such that the Dynkin 
indices of the fundamental representations of SU{N) and USp{2N) are one and those of the 
vector representations of SO{N) are two. As for exceptional groups we normalize such that 
fi27 = 6 for Eq, /i56 = 12 for Ej and /iy = 2 for G2. Now let us define the index of embedding 



This index is an integer and independent of the choice of the representation 7Z. If the index 
J is bigger than one, then the matching relation of the gauge couplings of the high and 
low-energy theories is given by 



Thus, under 27r shift of the theta angle of the G theory, the theta angle for the small group H 
shifts 27r J. Once we understand the appropriate behavior of the theta angle, we can check if 
the confinement index is invariant under the shift, which provides us with a rather nontrivial 
check of the magnetic screening mechanism. 



J 



(2.2) 




(2.3) 
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3 Computation of Confinement Index 

3.1 USp{2N) with antisymmetric tensor Higgs 

As a first example we consider an A/" = 1 supersymmetric USp{2N) gauge theory with an 
antisymmetric tensor Higgs field. By turning on a tree-level superpotential for the Higgs, one 
can break the gauge group as 

USp{2N) Yl USp{2Ni) ^Ni = N. 

i i 

Since Ti2{G/ H) of this symmetry breaking is trivial, there are no 't Hooft-Polyakov monopoles 
in this system. The fundamental representation of the USp{2N) group is decomposed as [21] 

2N ^ (2Ni, 1, ■ ■ ■ , 1) + (1, 2N2, 1 ■ ■ ■ , 1) + ■ ■ ■ + (1, ■ ■ ■ , 2Nk, 1, ■■■) + ■■ 

thus the Wilson loop for the fundamental representation breaks into the sum of the ones for 
each USp{2N.j) groups, Xlili^aNi- Invariant tensor in symplectic group tells us 

that {W2'nY does not show area law. Accounting for the arguments in the previous section 
we conclude that in this case, there are no extra electric/magnetic screenings caused by the 
Higgsing. The Wilson loop for the fundamental representation W2t^ shows area law. Thus the 
confinement index in this system is t = 2. No matter how we choose vacua in each USp{2Ni) 
theory, all vacua for USp{2N) theory are confining or oblique confinement phase. This is 
consistent with the argument in the work [25] where Cachazo made a map of the generalized 
Konishi anomaly equations [T71 [T3] for U (N) theory with adjoint Higgs and the ones in a 
USp{2N) theory with an antisymmetric tensor. The vacua in USp theory maps to the one 
in U{N) theory with confinement index two. Our direct calculation of the confinement index 
supports the result. 

3.2 USp{2N) with adjoint Higgs 

As the next example, consider supersymmetric USp{2N) gauge theory with an adjoint Higgs. 
For simplicity, we focus on the following three breaking patterns. These breaking patterns 
have been well studied in various contexts such as geometric transition [26] and factorizations 
of Seiberg-Witten curves [27] . 

• USp{2N) {SU{N) X U{1))/Zn 
An external charge which is not screened by the adjoint fields is the center Z2. Our main 
concern is the behavior of Wilson loop for the fundamental representation of U Sp{2N) group. 
Since the branching rule of the representation is 2N — N © N [23] , the Wilson loop decom- 
poses into W2j^ Wi + W{^, where the Wi is in the fundamental representation of the 
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SU{N) group. As argued in [19] under this symmetry breaking, a non-abelian monopole in 
the fundamental representation of the dual gauge group H"^ = U{N) is generated. Sponta- 
neous nucleation from the vacuum of the massive monopole pair provides screening of the 
Wilson loop W^2N- To see that, pick the r-th vacuum of the low-energy SU{N) gauge theory 
and consider the Wilson loop for the r-th tensor product, 

{W2^Y ~ {w,Y + ■■■ = {WiYH, + ■■■ . (3.1) 

In the last equality we used the fact that the generated monopole screens 't Hooft loop Hi 
corresponding to the fundamental representation in dual gauge group H"^ . Since in the r-th 
vacuum WiHi does not show area law, neither does the full Wilson loop {W2nY- Electric 
screening caused by the Higgsing gives a condition for the Wilson loop. To see another 
condition, take the Wilson loop for the A^-th tensor product of the fundamental representation. 
This representation includes a singlet because of the invariant tensor epsilon in SU{N) group. 
Therefore the Wilson loop for the representation does not show area law. The confinement 
index for this symmetry breaking is summarized as t = GCD{2, N,r), i.e., either t = 1 or 
t = 2. When the index is one, the Wilson loop IV2N does not show area law. However in the 
IR, there is an unbroken f/(l) group which is a subgroup of the original gauge group. The 
f/(l) charge exhibits Coulomb law. Thus the vacua with t = 1 is in a Coulomb phase. 

• USp{2N) USp{2N - 2) X U{1) 

In this case, the decomposition of the fundamental representation contains a singlet of the 
USp(2N — 2) group. The Wilson loop W2TSS therefore does not exhibit an area law. The 
confinement index is t = 1. The Wilson loop always shows Coulomb law because of the 
unbroken f/(l) gauge group. 

• USp{2N) USp{2N - 2M) x U{M) 

Again let us start with the branching rule for the fundamental representation representation 
of the U Sp{2N) group, 

2N ^ (2N - 2M, 1) + (1, M) + (1, M). 

Since the tensor product of M copies of the representation contains a singlet, (Wsn)^ show 
no area law. As argued in [19], a nonabelian monopole in (2N — 2M + 1, M) representation 
of dual gauge group = Spin{2N — 2M + 1) x U{M) is generated under this symmetry 
breaking. This monopole screens the 't Hooft loop HfH2 where Hi is the one for spinor 
representation of Spin(2N — 2M + 1) and H2 is the one for the fundamental representation of 
U{M). Because of magnetic screening we see that iW2Nf'''^'~^ does not exhibit law, when 
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we are in the ri-th vacuum of the pure USp{2N — 2M) theory and in the r2-th vacuum of the 
pure SU{N) theory at the same time. Thus the confinement index is t = GCD{2, M, 2ri +r2) 
or equivalently t = GCD{2, M,r2). The fact that the index depends only on r2 is somewhat 
surprising because the index appears to be changed by 27r shift of the theta angle of the 
original USp{2N) theory. However, looking at the matching relation [28] carefully, we see 
that the U{M) has the index of embedding two, 

^3(2Ar-2M+l) ^ ^^^^ _ ^2{27V+1) ^ j^3M ^ . ^4(27V+1) _ 

where A is the dynamical scale of the original gauge theory US'p{2N) and Cusp and Cu are 
constants depending on the parameters in superpotential. Therefore under the 2ti shift of 
the theta angle, in U{M) theory, its theta angle is shifted by Air namely, r2 r2 + 2. Thus 
the index is invariant. Moreover this index is also consistent with the factorization solutions 
of Seiberg-Witten curves [27]. A USp^i) theory with a quartic superpotential of an adjoint 
field has one branch in which two kinds of vacua with breaking patterns USp{2) x f/(l) and 
U(2) exist. Such vacua must have the same confinement index. Our calculation shows that 
the index for the former one is t = 1. For the latter one, one of the two vacua that is in the 
same branch has indeed t = 1. As another example, a branch for USp{6) theory contains 
vacua with three breaking patterns USp{2) x U{2), USpi^A) x U{1) and t/(3). All vacua in 
this branch have the same confinement index, t = 1. 

3.3 Eq with adjoint Higgs 

Consider now the confinement index for an Eq gauge theory with an adjoint Higgs. The 
low-energy dynamics of this theory such as the glueball superpotential and the generalized 
Konishi anomaly has not been explored. It would be interesting to reproduce our results by 
using such techniques. As an illustration, we focus on two breaking patterns. 

• Eg ^ {SU{Q) X f/(l))/Z2 
The branching rule for the fundamental representation of E^ group is 27 ^ 6 + 6 + 15 |24j . 
Using the invariant tensor in SU{Q) group we know that W^^ does not show area law. This 
does not yield new constraint because the center of E^ is Z3 and we know already that W^t does 
not show area law. According to [18], non-abelian monopole generated by this breaking is in a 
rank-three antisymmetric tensor representation of the dual gauge group = U{6). Therefore 
the monopole screens the 't Hooft loop Hf where Hi is the 't Hooft loop corresponding to 
fundamental representation of the dual group. However magnetic screening for Wilson loop 
W27 does not give us a new condition. We conclude that the confinement index is t = 3 and 
all vacua of Eq with this breaking pattern are confining or oblique confinement phase. 
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• Eq-^ {Spin{10) X f/(l))/Z4 

The branching rule for the fundamental representation of Eq includes a singlet of the low- 
energy gauge group. Therefore, we immediately conclude that all the external charges are 
completely screened and the confinement index is t = 1. 

3.4 SO{odd) with adjoint Higgs 

An available charge for probing the theory is the spinor charge. Below we study the behavior 
of the Wilson loop for this representation, in three relatively simple breaking patterns. 

• S0{2N + 1) ^ S0{2N - 1) X U{1) 

Since the branching rule for the spinor representation of S0{2N + 1) is [23] 

2N ^ 2^-1 + 2^-1, 

the Wilson loop decomposes into W^2n Wi + Wi where Wi is the Wilson loop for the spinor 
representation of unbroken group S0{2N — 1). Note that we omitted the U{1) charges. Since 
the product of two of the spinor representation contains a singlet of S0{2N + 1), a Wilson 
loop (VF2n)^ shows no area law. Since the product of two of the spinor representation 2^ 
contains a singlet of S0{2N + 1), a Wilson loop {W2^Y shows no area law. Since, by our 
assumption, the pure S0{2N — 1) gauge theory is confining, Wilson loop Wi shows area law, 
and the index is t = 2. 

Next consider magnetic screening caused by nonabelian monopoles generated by this sym- 
metry breaking. From [19], we see that there is a nonabelian monopole in the fundamental 
representation of dual group H"^ = USp{2N — 2) x U{1). Therefore by spontaneous nucleation 
of the monopole, 't Hooft loop Hi in the fundamental representation of the dual group H"^ is 
screened, and we can see that 

-^Wi + Wi = WiHi + WiHi. 

Since the Wilson loop Wi shows an area law and the 't Hooft loop Hi does not show an area 
law, WiHi must show an area law. Therefore, taking into account Witten effect in Appendix, 
we conclude that all vacua in the pure SO (odd) theory must be in a confinement phase, not 
in an oblique confinement phase. It gives strong support for our claim in Appendix, and is 
also consistent with Witten's argument [29j^ . 

• S0{2N + 2M + 1) ^ S0{2N + 1) x {SU{M) x U{1))/Zm 

''We would like to thank T. Kawano for suggesting us this argument. 
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The branching rule for the spinor representation for the breaking is given by [2 



2M+N ^ J2 (2^, [2j + 1])+Y^ (2"". m for M = 2k + 1, 

j=0 j=0 

k—1 k 

2M+N ^ J2 (2^, [2j + (2''> [2J]) for M = 2k, 

j=0 j=0 

where [s] is rank s antisymmetric tensor representation of SU{M) group whose dimension is 
dim[s] = mCs- Therefore the decomposition of the Wilson loop in spinor representation of 
S0{2M + 2N + 1) group is given by 

M 

j=0 

According to [19], a magnetic monopole generated in this breaking belongs to the bifunda- 
mental representation of the dual gauge group iJ^ = USp{2N) x U{M). Thus it screens the 
't Hooft loop H1H2 where Hi and H2 are 't Hooft loops corresponding to the fundamental 
representations of USp{2N) and U{M), respectively. Again we use the fact that all vacua 
in S0{2N + 1) theory are in confinement phase and the condensed charge is the one for Hi. 
Thus the spinor charge of the original group remains unscreened and we conclude the index 
is t = 2. 

• S0{2N+1) {SU{N) X U{1))/Zn 
In this system, the branching rule for the spinor representation of S0{2N + 1) includes a 
singlet. Thus by electric screening the Wilson loop for the spinor representation shows no 
area law. We conclude that the index is t = 1 and all vacua are in a Coulomb phase. 

This index is consistent with the factorization solutions of Seiberg-Witten curves [27j. A 
50(7) theory with a quartic superpotential of an adjoint field has one branch in which two 
kinds of vacua with breaking patterns 5*0(3) x U{2) and U{3) exist. Such vacua must have 
the same confinement index. Our calculation shows that the index for the latter one is t = 1. 
For the former one, two of the four vacua that are in the same branch has indeed t = 1. 
Instead, the other two vacua with 50(3) x U{2) belong to the same branch as the one with 
the breaking pattern 50(5) x f/(l). All vacua in this branch have the same confinement index, 
t = 2. These two branches originate from the two different types of the factorization forms 
of the Seiberg-Witten curve. As argued in [27], to extract all possible vacua for a SO (odd) 
theory with a quartic superpotential we have to consider the following factorization forms, 

y^ = x\H2N-4yFe{x) and = {H2N-2yF^{x). 
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Our calculation tells us that for the vacua in the former branch the Wilson loop for the spinor 
representation exhibits an area law while for the latter one it does not. 



3.5 SU{N) with symmetric tensor Higgs 

A symmetric tensor field has charge two under the center of SU{N). Therefore, due to the 
electric screening, the only available charge for probing vacua is the charge of the fundamental 
representation. Adding a vev to the Higgs fields one can break the SU{N) gauge group as 
SU{N) Spin{N) /'L2. Because of the invariant tensor in SU{N) group, one knows that W-^ 
does not show area law. For = odd, we immediately conclude that t = GCD{N,2) = 1 
(the unconfined charges are closed under addition |T3] and W'^"^ ~ W'^ for some integer m). 
Stated slightly differently, the gauge group is truly SU{N), as 2 and A^ are relatively prime, 
hence no Wilson loop can show area law just as in the SU{N) theory with quarks in the 
fundamental representation. 

The branching rule for the fundamental representation of SU{N) into Spin{N)/'Ij2 is 
N ^ N. As argued in [22] a nonabelian monopole is generated under this symmetry breaking. 
When N = 2k the monopole belongs to a vector representation of the dual group H"^ = 
Spin{2k). Here for simplicity we focus on k = odd. Since the monopole is in the vector 
representation the 't Hooft loop screened by the monopole is Hf. Magnetic screening for the 
Wilson loop (WsssY is 



where Wi is the Wilson loop in the spinor representation of Spin{2N) group. Thus, we 
conclude that t = GCD{2, N,ri), where ri labels the vacua of the low-energy Spin{2k) 
theory. In summary, half of the vacua in this system have t = 1, the other half t = 2. As a 
consistency check, let us consider 27r shift of the theta angle of the SU{N) theory. As was 
shown in [22], the Dynkin index of embedding of the unbroken group is two. Therefore under 
the shift the theta angle of the small group Spin{N) gets shifted An, namely ri — * 2 + ri and 
the index remains invariant. 

3.6 Spin{2M + 2A^ + 1) with symmetric tensor Higgs 

The last example is Spin{2M + 2A^ + 1) with a symmetric tensor Higgs. For simplicity, we 
focus on the following breaking pattern with M = 2A; + 1, 



2r 



Spin{2M + 2A^ + 1) ^ [Spin{2M) x Spin{2N + 1)) /Zg. 



The branching rule for the spinor is 




2N) + (2f-\2N). 
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Thus the decomposition of the Wilson loop is 

VTaM+N ^WiW2 + W[W2. 

where the Wilson loops Wi and W[ are in the representation 2^"-'^ and 2^"-'^, respectively of 
Spin{2M), and W2 is in the representation 2^ of Spin{2N+l). Repeating the same discussion 
as in subsection 3.4, one can see that the Wilson loop W2 is in the pure S0(2N + 1) shows 
an area law, and the Wilson loop (W2M+N) shows no area law. Thus we find that t = 2. 

According to [22], a nonabelian monopole generated in this breaking pattern is in a 
(2M, 2N) representation of the dual group H'^ = Spin{2M) x USp{2N). Thus HfH2 is 
screened by this monopole where Hi is the 't Hooft loop corresponding to the spinor rep- 
resentation of Spin{4k + 2) group and H2 is the one for the fundamental representation of 
USp{2N). However this monopole does not yield new constraint. So we conclude that the 
confinement index for this breaking pattern is always t = 2. It would be interesting to check 
this results by making a map of the generalized Konishi anomaly equations to the ones for 
U{N) with adjoint theory, following the argument shown in [25] . 

4 Condensed charges 

So far we have concentrated on the problem of determining the confinement index. In this 
section we study the behavior of various Wilson-'t Hooft loops for a system with confinement 
index t > 1 (i.e., a confining system) more carefully, and attempt to find out the charges 
which are condensed in each case. 

As for the vacua with t = 1, none of magnetic charges or dyonic charges are condensed and 
as a consequence, no Wilson loops show area law. To understand the behavior of the large 
Wilson-'t Hooft loops we first need to know the decomposition of 't Hooft loops under the 
Higgsing. A 't Hooft loop corresponds to a weight vector of a representation of the GNO dual 
group, so its decomposition can be read off from the branching rule for the representation 
under the symmetry breaking of the dual gauge group — > j^^G/. Using the branching 
rule and the known behavior of Wilson-'t Hooft loops for the pure Yang-Mills theories, one 
can determine which loops show area law and which charges are condensed. Note that when 
a Wilson-'t Hooft loop does not exhibit area law, it does not necessarily imply that the 
corresponding charge is condensed. It may be Coulomb law or free magnetic law. Below, 
we will illustrate our argument in three examples. It is straightforward to apply it to other 
systems studied in the previous section. 
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4.1 SU{N) SU{Ni) X SU{N2) x f/(l) 

As a first example we study SU (N) supersymmetric gauge theory with the breaking pattern 
SU{N) SU{Ni) X SU{N2) X U{1). In a vacuum with confinement index t, does not 
show area law by definition. From this we know that neither the charges in the fundamental 
representation of dual group corresponding to the 't Hooft loop H nor the dyonic charge WH 
are condensed. For if H or WH were condensed would have to show area law, as H and 
or WH and W^ are relatively non-local. Repeating the argument for various charges we 
can deduce that the possible condensed charges in a vacuum with confinement index t < N are 
the ones associated with W^Ht where A is not determined by this argument only. However 
by the decomposition of the large Wilson- 't Hooft loops and by using the fact that in the 
vacuum some of WpHi do not show area law, one can conclude that the possible condensed 
charges are the ones generated by 

W'^H^, A; = 0,1,--- 

Note that t is a divisor of N [13]. Clearly such charges form a subgroup in x Zat- 
Condensation of the charges causes a dual Meissner effect and W'', I = 1,2, ■ ■ - t — 1 enforced 
to show area law. 

To see more concretely, let us focus on the relatively simple breaking pattern SU {2n) 
SU (n) X SU (n) x U{1) and pick vacua with confinement index t = n. According to [13] there 
are n such vacua 

(ri,r2) = (0,0), (1,1), ■■■,(n-l,n-l). 

The decomposition of 't Hooft loop for the fundamental representation is given by if = 
Hi + H2- On the [k, k) vacuum by the decomposition it is easy to see that W^H does not 
show area law. However as argued above this does not immediately imply that such charge 
is condensed. From the consistency with the fact W\ I = 1, ■ ■ - t — 1 show area law, the 
condensed charge should be (W^H)^ = (W'^H)"-. Thus this loop shows perimeter law. The 
others (W'^H)'', I = 1, ■ ■ - n — 1 are expected to show Coulomb law because of the existence 
of the unbroken U{1) gauge group. 

This result is consistent with the Witten effect discussed in Appendix. Although in Ap- 
pendix we focused on the pure Yang-Mills theories, the argument is applicable to our present 
case. To check the consistency, let us consider the adjacent vacuum {k + l,k + 1) in which 
the condensed charge is the one for (W'^'^^H)^ . Since the index of embedding for the small 
group SU{n) is one, the 27r shift of the theta angle of SU{2n) theory generates the same 
amount of shift of the angle for the small SU (n) theories. Therefore we observe the expected 
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behavior of the Wilson-'t Hooft loop under the shift, 

(n, ra) = {k, k)^ik + l,k + l), {W'H)'' ^ {W'+'H^. 

From the argument of a weight vector, we knew that under such shift H transforms into WH, 
which is consistent with the above behavior. 

4.2 USp{2N) USp{2Ni) x USp{2N2) 

The next example is the theory studied in section [STTl Here for simplicity we consider only the 
case with [Ni, N2) = {odd, odd). As argued in Appendix, the number of vacua of USp{2Ni) 
theory is A'j + 1 = even and a Wilson-'t Hooft loop transforms as Hi WiHi — > Hi under 
the 2ti shifts of the theta angle. There are four types of vacua for the full theory, (ri,r2) = 
{Hi,H2), {WiHi,H2), {Hi,W2H2) and (WiHi,W2H2). Let us start with the case (ri,r2) = 
{Hi, H2). In the breaking of the dual group Spin{2N-\-l) Spin{2Ni + l)x Spin{2N2+l), the 
't Hooft loop for the spinor representation decomposes into H = HiH2- Thus we immediately 
understand that H does not show area law. As shown in section [3TT] all vacua have confinement 
index two, so the charge for H has to be condensed and H shows perimeter law. On the 
other hand, WH shows area law. In the same way, we consider the vacua with (ri,r2) = 
(WiHi, W2H2). The decomposition of the Wilson loop for the fundamental representation of 
G and the 't Hooft loop for the spinor representation of are W = Wi + W2 and H = H1H2 
respectively. Thus, we immediately conclude that WH shows area law. On the other hand, 
because of the electric screening by the massive boson, H = W1H1W2H2 does not show area 
low. Therefore the charge for H should be condensed in the vacuum. Under the 27r shift of 
theta angle of the underlying theory, we expect {Hi, H2) {WiHi, W2H2) since the index of 
embedding is one. From the above argument, in both vacua the charge H is condensed thus 
we observe H H under the shift. This is the expected behavior from a point of view of the 
Witten effect for USp{2N) theory with N = Ni + N2 = even. 

Finally we study the case (ri,r2) = {WiHi, H2), {Hi,W2H2). From the decomposition of 
the Wilson-'t Hooft loop 

WH = W1H1H2 + W2H1H2, 

it is easy to see that WH does not show area law. Again these vacua have t = 2, so we 
conclude that the charge corresponding to WH is condensed. Since these two vacua are 
connected by the 27r shift of the theta angle of USp{2N) theory, the behavior WH — > WH 
under the shift is what is expected from the argument in the Appendix. 
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4.3 Eq {SU{6) X f/(l))/Z2 

As the last example, we study the behavior of Wilson-'t Hooft loops in vacua with the con- 
finement index t = 3 for the theory discussed in section 13. 3[ To determine which charges 
are condensed in the vacua, consider again decompositions of Wilson-'t Hooft loops W^H, 
k = 0, 1,2. We denote the Wilson and 't Hooft loops for SU{6) by Wi and Hi. Taking into 
account Wf = 1 and the electric screening by the massive boson W20 = = 1, we can write 
down the decompositions as follows: 

WH {WiHi)~^ + (W^Hiy^ + -- - , 
W'^H (W^Hi)-^ + (W^Hi)-^ + ■ ■ ■ , 
W^H = H ^ (W^Hi)-^ + {W^Hi)-^ + ■ ■ ■ . 

Thus, the vacua ri = s, s -|- 3, s = 0, 1, 2, the charges associated with W^H are condensed. 
The other loops show area law. Since the index of embedding of SU (6) is onqj under the 
27r shift of the theta angle each loops transform as H ^ WH — > W^H H. This is what 
expected from the argument with weight vectors. 

5 't Hooft 's oblique confinement 

The pure (ordinary, non-supersymmetric) SU {N) Yang- Mills theory was discussed by 't Hooft 
[9] under the assumption that the system effectively reduces to an Abelian f/(l)^~^ theory. 
The relevant magnetic monopoles are those which manifest themselves as the singularities 
of the Abelian gauge fixing. For SU{2) case, the particles are labeled by the electric and 
magnetic quantum numbers {nm.rif,). When 6 is varied from to 27r, a {rim^ne) particle 
acquires a electric charge by Witten's effect, 

Q 

Q = ne + —rim. 
Zn 

Around ^ = 0, the (1, 0) magnetic monopole is assume to condense and the system is in a 
confinement phase. The confinement index is t = 2. This is of course the well known dual 
superconductor picture of confinement in (an SU{2) version of) QCD. 

He further notes that at ^ = vr, the (1,0) "monopole" and (1,-1) "dyon" (in 't Hooft's 
phrasing, a composite of a monopole and gluon) acquire electric charges respectively, by 



^We use the branching rule for the fundamental representation of group. The index of 27 representation 
in Eq group is fi27 = 6. On the other hand the indiees for 6 and 15 representations in SU{6) group are 
/ig = 1 and /ii5 = 4 respectively. Thus from (|2.2p . we obtain the index of embedding for SU{6) group 
J = (l + l + 4)/6= 1. 
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the Witten effect. They are strongly attracted to each other as in the infrared the original 
SU{2) ~ U{1) "electric" interactions become very strong. They therefore might form a tight 
bound state and condense. In this "oblique confinement" phase, what condenses has the 
quantum numbers (n^j'^e) = (2,-1) but actually it has only magnetic charge, no electric 
charge. It is a pure magnetic monopole of charge 2. 

Such a phase is not one of the {Zn,Zn) classifications of possible phases of SU{N) pure 
Yang-Mills, discussed in Donagi-Witten's paper [TT]. 't Hooft's oblique confinement phase 
involves strongly bound monopoles and gluons. What is the confinement index of the theory 
in this phase? 't Hooft argues that in this phase the quarks (having the electric charge ^), 
can form an electrically neutral bound state with the (1,-1) dyon and escape confinement. 
Because of the peculiar (but well-known) property of the monopoe-quark composites, the 
quarks escape confinement and travel to infinity as bosons. The confinement index is t = 1 
in this case. 

An analogous phenomenon could in principle occur in the SU{3) theory around G = y' 
[9], where a magnetic monopole of charge 3, which is a bound state of monopoles and gluons 
condenses. 

6 Softly broken J\f = 2 supersymmetric gauge theories 

Exactly solved Af = 2 theories (Seiberg- Witten solutions) with various gauge groups and 
matter contents teach us much about confinement. This is so because in these theories, one 
often has an exact knowledge of the low-energy degrees of freedom and of their dynamics. 
When a soft A/" = 1 perturbation (the mass term /i $^ for the adjoint scalar superfield $) 
is added to the system, most of the degenerate vacua of the M = 2 theories are lifted, and 
most of the surviving supersymmetric vacua are in a confinement phase, although this is not 
always the case§. 

If we restrict ourselves to the vacua of this type (i.e., in a confinement phase) only, there 
are roughly speaking four categories among the vacua in softly-broken M = 2 theories. 

6.1 Abelian dual superconductor and nontrivial vacuum rearrangement 

This is the famous case of SU {2) M = 2 pure Yang-Mills theory, perturbed by the M = 1, $^ 
term. The perturbation lifts the vacuum degeneracy almost entirely, leaving only two vacua at 
u = ±A^, corresponding to the monopole/dyon singularities. At each vacuum the monopole 

^For instance, in the special vacua at the "baryonic branch" root of A/" = 2 SU{N) SQCD, or in similar 
"special vacua" present in large-flavored SO{N) or USp{2N) theories, the pertubation does not induce 
confinement Oil]. 
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or dyon condenses and induces confinement [T]. This system is of course very well known, 
but we shall review it briefly nonetheless, as it illustrates some features of the condensation 
mechanism explicitly, and hence is a useful complement to the discussion of Sections [3] and |H 

At u = A^, 6 = and the massless {n^, rtf.) = (1, 0) monopole condenses, and the system 
is in a confinement phase. The magnetic U{1) field is A'^, the dual of A^. The vacuum is 
in a dual superconducting state: quarks would be confined by the chromoelectric vortex: the 
confinement index is t = N{= 2). 

At u = — A^, the field which is massless and condenses is a (1,-1) "dyon" , or (1,1) 
"dyon", depending on how one reaches u = — A^ from u = A^. If one moves in the upper half 
u plane one gets the (1,-1) particle becoming massless; if the path is taken in the lower half 
plane the (1,1) particle becomes massless. An important point is that the (1,-1) "dyon" 
at the vacuum u = e"'"*'^A^ is really a pure magnetic monopole. Due to the Witten effect, 
6 = 2 ArgM = 2tt, its electric charge (defined by the coupling to the orginal gauge field A^) is 

Q = -1 + ^^-1 = 0: 

it is a pure magnetic monopole, although the magnetic dual for this system is now defined by 
the gauge field A'^ + A^, which is clearly non-local with respect to both A^ and /l^(x). 

As u (or 6) is varied adiabatically the massless (1, 0) state becomes massive aX u = — A^ 
(with mass \/2\aD{u)\). As one approaches the u = e"'"*'^A^ vacuum, the (1, —1) "dyon" with 
mass \/2\aDiu) — a(u)\ which was massive at m = A^ becomes instead massless and condenses 
upon the A/" = 1 perturbation. There is a nontrivial vacuum rearrangement. Even though 
the spectrum of the theory at n = A^ and that at n = — A^ are identical, in accordance with 
an exact discrete Z2 symmetry of the system, there is a nontrivial spectral flow. 

Indeed, by further perturbing the system with a much smaller supersymmetry breaking 
parameter such as a nonvanishing gluino mass, it can be shown explicitly [301 El] that the 
system makes a phase transition from the first supersymmetric vacuum (where the (1, 0) field 
is condensed) to the second (where (1,-1) field is condensed) at 6* = ttIJ. 

Similarly, A/" = 1 supersymmetric (pure) Yang-Mills theories with G = SU{N+1), S0(2N), 
S0{2N + 1), USp{2N) gauge groups, can be studied by deforming the corresponding M = 2 
pure YM theories by the adjoint scalar mass term /i In all supersymmetric vacua the effec- 
tive low-energy theory is a maximally Abelian f/(l)^ gauge theory, with massless Abelian 
monopoles [32l [HI [33]. The monopoles of various U{1) charges all condense simultaneously 

^Here oblique confinement a la 't Hooft mentioned in Section [5] does not take place: the system is weakly 
coupled at all values of 9. When the bare parameter is varied from to 27r, the physical, low-energy OpUys 
remains always small in magnitude, due to renormalization effect induced by instantons [31j . 
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upon the adjoint mass perturbation [SU [6]. Confinement in these theories is a dual Abehan 
superconductor of 't Hooft's type. 

A word of caution is necessary, however. The (weakly-coupled) Abelian dual supercon- 
ductor picture as discussed here holds only as long as /i -C A, where A is the scale of the 
M = 2 theories. These theories dynamically Abelianize below A. When /i > A, the massive 
"W" bosons can be produced from the vacuum, connecting different U{1) charges: at /i — > cx3 
(pure M = 1 Yang-Mills) the system is non- Abelian [5]. 

6.2 Condensation of monopole-dyon composite: 't Hooft scenario 

What happens in one of the two vacua of the softly broken A/" = 2, SU{2) theory with Nf = 3 
massless flavors deserves a separate discussion. This case nicely illustrates the general fact 
that the gauge symmetry breaking pattern (here SU{2) — > U{1)) does not uniquely specify 
the infrared dynamics of the system, i.e., which field is condensed and how global symmetry 
is broken, what the confinement index is, etc., just as in some M = 1 systems discussed in 
Section [3] and in Section HI 

The massless "dyon" appearing in this vacuum (vacuum 1) has (2,1) charges corresponding 
to Wilson-'t Hooft loop WH^, but it has vanishing physical electric charge due to the Witten 
effect, as ^ = TT there. This massless particle is a singlet of the global chiral S0{6) symmetry 
group [1]. 

This is quite in contrast to the situation in the other vacuum (vacuum 2), where the 
massless matter are (1,0) monopoles carrying flavor charge 4 of SU{4) ~ Spin{6). M = 1 
perturbation induces condensation of these monopoles (confinement) and at the same time, 
chiral symmetry breaking 

50(6) ^ SU{?,) X f/(l). 

In contrast, no chiral symmetry breaking takes place in vacuum 1: neither the (1, 0) monopole 
nor (1,1) dyon condenses. Due to the Witten effect, these latter particles carry electric charges 
±1 and strongly attract each other. The (2, 1) particle which becomes massless and condense 
in this vacuum can naturally be identified [35] as a composite of the (1,0) monopole in 4 of 
5'[/(4) and the (1, 1) dyon in 4* of S'f/(4), forming a singlet 

4 ® 4* = 1 + . . . . 

Thus this system explictly realizes 't Hooft's oblique confinement phase. 
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6.3 Confining vacua: non-Abelian dual superconductor 

In the r- vacua of the softly broken J\f = 2 SU{N) supersymmetric QCD, light non-Abelian 
monopoles (massless monopoles carrying non-Abelian dual SU{r) charges) condense upon 
A/" = 1 perturbation, and induce confinement [Hj. These are examples of confinement vacua 
of non-Abelian type: dual superconductor of non-Abelian variety. As massless quarks are 
present in the theory, the confinement index is t = 1. 

A fact that does not seem to be widely appreciated is that these non-Abelian confining 
vacua occur very generally in this class of models. Among the vacua of the softly broken 
M = 2 supersymmetric theories with SU (N), SO{N) and U Sp{2N) gauge groups with quarks 
in the fundamental representation, most are of this type. The r- vacua of A/" = 2 SU{N) 
SQCD, with r = 2, 3, . . . , Nf/2 are all non-Abelian; the same infrared r-vacua appear in the 
SO{N) and USp{2N) theories with nonvanishing equal bare quark masses P, [7]. Abelian 
dual superconducting vacua (r = 0, 1) occur rather as an exception. 

6.4 Strongly-interacting magnetic monopole and dyon composites 

An intriguing class of confining theories found in the context of softly-broken M = 2 theories 
are the "almost superconformal" vacua [361 132] • These confining vacua arise upon Af = 1 
perturbation of an A/" = 2 nontrivial SCFT [34], a system in which relatively non-local and 
strongly interacting dyons and monopoles appear together in the low-energy theory. They 
are necessarily non-local theories: they are known in general as Argyres-Douglas vacua. 

It is quite difficult to analyze these systems, especially when this SCFT has a non-Abelian 
gauge symmetry, but a detailed study of the low-energy degrees of freedom and the known 
pattern of global symmetry breaking suggest that confinement mechanism in these systems 
are markedly different from the cases of weakly coupled Abelian (Subsection 16.11) or non- 
Abelian dual superconductor (Subsection 16. 3p vacua: the condensed field is not associated to 
a single monopole or dyon of lowest charges, but to a composite of monopoles and dyons, a 
little like in 't Hooft's "oblique confinement" phase. These condensates induce confinement 
and at the same time break the global symmetry of the system |37j . 

A wide class of A/" = 2 theories lead to confining vacua of this kind. In fact, the r = ^ 
vacua of SU{N) theory as well as all of the confining vacua of softly broken SO{N) and 
USp{2N) theories with vanishing bare quark masses belong to this class of systems [6], [7]. 
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7 Discussion 

In this paper, we studied the behavior of the Wilson-'t Hooft loops for mainly M = 1 su- 
persymmetric gauge theories. We computed the confinement index at the energy scale E for 
various breaking patterns under the assumption A > ^ A. This condition is not essential 
but technically required. It allows us to treat the Higgsing semi-classically and to control non- 
abelian monopoles formed by the symmetry breaking. We could have reproduced the same 
results via a low-energy description by supposing A ^ A ~ E'. Since the seminal paper by 
Cachazo, Douglas, Seiberg and Witten [17], the low-energy descriptions of the theories have 
been studied intensively (see for example [3H]) in terms of the generalized Konishi anomaly 
equations. For the SU{N) gauge theory, the confinement index was reproduced from such 
perspective [13]. However, as our calculations of the index suggest, their argument seems to 
be specific to the SU{N) theory and is not necessarily applicable to other gauge theories: 
The dual coxeter number and the order of the center for the SU{N) group are the same, 
thus the period integrals of a Reimann surface and a function on it, which are a solution 
of the generalized Konishi anomaly equations, could reproduce the index correctly. However 
in general they are not the same (See table 1). Therefore, it is not obvious how to extract 
the confinement index that we computed in this paper from such low-energy perspectives. 
Moreover the generalized Konishi anomaly equations for the gauge theories with En gauge 
groups themselves are not known yet. Therefore it would be interesting to explore further on 
these avenues and clarify such physical properties for the low-energy description. 

The similar issue can be seen in SO/USp gauge theory with adjoint Higgs. In these 
models, as argued in the main text, the factorization of the Seiberg- Witten curve gives a 
powerful tool to analyze the low-energy behavior. As shown in [27], there is a branch which 
can be understood by the multiplication map from the one for a theory with a lower-rank gauge 
group. For example for SO{even) case, we can construct a map from a branch in S0{2N) 
theory with a quartic superpotential to the corresponding one in S0{2KN — 2K + 2) theory 
with the same superpotential, 

nKN-2K+2 -27] X A Ik |^2^^2^27V-2 j '^l 

where rj is 2K-t}i root of unity and is the first kind Chebyshev polynomial. Contrary to 
the SU{N) case, this number K is not necessarily equal to the confinement index in that 
branch. Understanding the physical meaning of K in various gauge theories is an interesting 
issue, which we will leave as an open problem. 
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A Vacua in pure J\f =1 Yang-Mills Theories 

We would like to know how the Wilson-'t Hooft loops behave in each vacuum of A/" = 1 pure 
gauge theories. According to GNO [39], electric and magnetic charges of G are represented 
by weight vectors (/i, i^) of G and its dual G^, respectively. With this representation, the 
quantization condition of charge is written as G Z. A Wilson-'t Hooft loop corresponding 
to (/i, v) is labelled by the center and the fundamental group tti. For example, in SU [N) pure 
Yang-Mills theory they are Zjv x Z^y. 

Now consider the Witten effect for the weight vectors. Since each massive vacuum in pure 
Yang-Mills theory are connected by the 27r shift of theta angle, it is useful to know the Witten 
effect for the weight vectors itself to understand the behavior of Wilson-'t Hooft loops in each 
vacuum. An interesting paper [IQ] discussed S-duality for the weight vectors in a A/" = 4 
theory. However as far as the shift of theta angle is concerned, supersymmetry does not really 
matter. The formula shown in the paper is applicable to A/" = 1 theories as well. According 
to [ID], under the 2n shift, the weight vectors transform as 

(/i, u) {^ + v\v), 

where v* means as follows: The z/ is a weight vector in the dual gauge group which is a 
coweight vector of the electric group while v* should be an electric weight. To begin with, let 
us start with a root vector of the electric group. A coroot is defined by = 2a/ [a, a). If 
the gauge group is ADE, then this coroot and root are equivalent. In a convention where the 
Cartan metric is normalized such that [a, a) = 2, for example see [H], = a for ADE. On 
the other hand, for the non-simply raced cases, BCFG, there are two kinds of roots, = a 
for short root, = a/ug for long root where Ug = 2 for BDF and = 3 for G2. Following 
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the argument shown in Appendix in [JT], the * operation for the root vectors is given by 

^a^ongy ^ ^^long ^ -shorty (a^'^"'"*)* = a'^°'' = 5'°'^^ (A.l) 

Ug 

where tilde means the root vectors in dual group. With this in mind, let us consider the 
Witten effect for various groups. 

• Spin{2N + 1) Yang-Mills 
If all the matter contents are trivial under the center, then global structure of the group 
may he H = Spin{2N + 1)/Z2. Since the fundamental group is nontrivial vri(iJ) = Z2, 
there are monopoles in this theory, which belong to representations in H"^ = U Sp{2N) group. 
One of the non-trivial magnetic weight vectors is given by the highest weight of fundamental 
representation of USp{2N) group. The weight vector can be written in terms of the simple 
roots with rational number coefficients because the weight vector does not belongs to the root 
lattice, 



N-l 



r- 

Using the (lA.ip . we can get u* as follows: 

'^aC^^ + d^^), (A.2) 



N-l 

V* = 

k=l 



where we used the fact that a^^^ is a long root and others a'-^-* are short root. The f[OD 
clearly shows that u* is an element of the root lattice of Spin{2N + 1) group. So a Wilson 
loop corresponding to the charge v* is trivial. Therefore under the 27r shift of the theta angle 
't Hooft loop H for the fundamental representation of USp{2N) transforms into the same H. 
Thus we conclude that all 2A^ — 1 vacua in Spin{2N + 1) theory have the same behavior in 
the Wilson-'t Hooft loops. In particular, we claim that all vacua are in confinement phase: 
none is in an oblique confinement phase. Since the original pure Yang-Mills theory does not 
include an electric charge for the spinor representation and the Witten effect also does not 
generate such charge, there is no reason to believe a condensation of a dyon carrying such 
electric charge without assuming a nontrivial dynamics at low energies. This argument is 
consistent with the result shown in 



• USp{2N) Yang-Mills 

We consider the pure M = 1 USp{2N) gauge theory in a similar fashion. Again the matter 
fields are all trivial under the center, the global structure of the group is H = U Sp{2N) /'L2- 
Since the fundamental group is nontrivial, tii{H) = Z2, there is a monopole whose represen- 
tation is in the dual group, i/^ = Spin{2N + 1). The most elementary representation of the 
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dual group is the spinor representation. The highest weight of the spinor representation can 
be written in terms of simple roots of the dual group, 

k=l 

Using the relation (lA.ip . we get u* as follows: 

Af-l 

j^* = Y, + 

i=l 

where we used that the fact that the first — 1 simple roots a'^'^^ are long roots and is 
a short. From this, we see that if is even, then the v* is in the root lattice of the original 
group USp{2N). On the other hand, if is odd then it does not belong to the root lattice. 
This means that behavior of 't Hooft loop for the monopole under the 27r shift of theta angle 
is different. For A^ = even, H stays in the same class while for A^ =odd, H goes to different 
class WH. By the same reasoning as in the previous example, we conclude that for A^ = even 
all vacua are in the confinement phase. Again this is consistent with the argument by Witten 
[29]. 

For simply-raced groups, the behavior of the 't Hooft loop corresponding to the fundamen- 
tal representation of the dual groups is the same for all cases except Spin{4k) theory. By the 
2n shift of the theta angle, H goes to WH. For the Spin{4:k) theory, electric and magnetic 
charges are labelled by (Z2 x ^2)0X0 x (^2 x Z2)mag- Following the argument by 't Hooft [TO] , 
finding a massive vacua is choosing a Z2 x Z2 subgroup. In Spin{4:k) theory there are four 
types of vacua generated by the following charges, 

{H,H'}, {WH,W'H'}, {H,W'H'}, {WH,W'}. 

Here again, we expect that vacua include at least one confinement phase. The first two are 
transformed into each other under the 27r shift of the theta angle thus these two are realized 
in vacua for the Spin{i.k) theory. 
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